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Riemann $\zeta(s)$ Euler-Maclaurin Riemam-Siegel
critical strip $0<\Re(s)<1$
$\mathrm{L}$ $\mathrm{L}$ critical strip ([7],













$E$ $\mathrm{Q}$ $E$ global minimal
Weierstrass equation
$y^{2}+a_{1}xy+a_{3}y=x^{3}+a_{2}x^{2}+a_{4}x+a_{6}$
(N\’eron model) $\Delta$ $E_{p}$ $E$ reduction mod $\mathrm{p}_{\text{ }}$
$a_{p}=1+p-\# E_{p}(\mathrm{z}/p\mathrm{Z})$ Hasse $|a_{p}|\leq 2\sqrt{P}$ $p|\Delta$
$P$
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$a_{p}=\{$
$0$ singularity $\not\supset\grave{\grave{\backslash }}$ cusp
1split node $\emptyset \mathbb{H}$
$-1$ non split node $\emptyset\#\yen$
[3]
$\mathrm{R}e(s)>3/2$ Euler
$L(s, E)= \prod_{p|\Delta}\frac{1}{1-a_{\mathrm{p}}p^{-s}}\mathrm{P}\prod_{\gamma\Delta}\frac{1}{1-a_{\mathrm{p}}p^{-s}+p^{1-2s}}=\sum_{=n1}\infty an^{-s}n$
$L(s, E)$ $E$ $\mathrm{L}$
- -Weil $f(z)=$ 1 $a_{n}e^{2}\pi\cdot nz$ $\Gamma_{0}(N)$ 2
cusp foml
$f(- \frac{1}{Nz})=\epsilon Nzf2(z)$ , $\epsilon=\pm 1$
Wiles semi-stable




$S_{k}^{\epsilon}(\Gamma_{0}(N))$ , $(\epsilon=\pm 1)$ $\Gamma_{0}(N)$ cusp for
$f(-1/Nz)=\mathcal{E}Nk/2kfZ(_{Z)}$












n $\int^{\infty}f$ )$y^{s-}1-ed2 \pi ny=y(2\pi)^{-}S\sum_{n=1}^{\infty}\frac{a_{n}}{n^{s}}\mathrm{r}(_{S,2}\pi nr$




$I(s)=(2 \pi)^{-s}\sum_{Mn\leq}\frac{a_{n}}{n^{s}}\Gamma(_{S,\frac{2\pi nr_{0}}{\sqrt{N}}})+i^{k}\epsilon Nk/2-s(2\pi)s_{-}kn\leq\sum\frac{a_{n}}{n^{k-s}}\mathrm{r}M(k-S, \frac{2\pi n}{\sqrt{N}r_{0}})+Rk(S, f)$
$R_{k}(s, f)$ $M$
$f(z)$ $E$ weight 2 $\text{ }$ level $\mathrm{N}$ cusp $\mathrm{f}\mathrm{o}\mathrm{m}$
$\mathrm{B}\mathrm{e}s=1$ $(s, f)$
$|R_{2}(1+it, f)| \leq\frac{e^{-\frac{\pi}{2}t}e^{\ell\delta()}t}{\delta(t)}\{2\sqrt{M}(\log M+1)+\frac{\log M+2}{4\delta(t)}\sqrt{N/M}\}e^{-4\delta()/\sqrt{N}}tM$
$M> \frac{1}{4}\sqrt{N}/\delta(t)$
















8, $x$ $\Gamma(s, x)$ – [1]
GaumLegendre
3 Riemann













11,446, 5077 } $E$ conductor




4 Sato-Tate – Riemann
$E$ $\mathrm{Q}$ $[0,\pi]$ $\theta_{p}$
$a_{P}=2\sqrt{p}\mathrm{c}\mathrm{o}\mathrm{e}(\theta)\mathrm{p}$
’
$n$ $p_{n}$ $x_{n}=\theta_{P\mathfrak{n}}/\pi$ $(n=1,2, \ldots)$ $g$
$[0,1]$ $g(\mathrm{O})=0$ $g(1)=1$
$g$ discrepancy
$D_{N}^{\langle g)}(x_{n})= \sup_{\leq 0\alpha\leq 1}|\frac{A([0,\alpha),(_{\mathcal{I}_{n}),N})}{N}-g(\alpha)|$ , (1)
$A([0, \alpha),$ $(x_{n}),$ $N)=\#\{x_{n}\in[0, \alpha);1\leq n\leq N\}$ .
$\mathrm{S}\mathrm{T}(x)=x-\frac{\sin(2\pi x)}{2\pi}$






Conjecture $\epsilon$ , $D_{N}^{\mathrm{t}\mathrm{s}}(xn)\mathrm{T})=O(N-1/2+\epsilon)$ .
$D_{N}^{(\mathrm{s}\mathrm{T})}(x_{n})=O(N^{-1/2})$
Lemma 1 $(a_{n})_{n=1,2},\ldots$ $|a_{n}|\leq 1$ $n$
$|_{n=} \sum_{1}^{N}b_{n}|\leq 1$
$b_{n}=\pm a_{n}$
Lemma 2. (Koksma’s ) $[0,1]$ $f$ $g$
$[0,1]$ $g(\mathrm{O})=0$ $g(1)=1$
$(x_{n})n=1,2,\ldots$
$| \frac{1}{N}\sum_{1}^{N}f(\langle x_{n}\rangle)-\int_{0}^{1}f(t)dg(t)|\leq D_{N}^{\{g)}(\mathcal{I}_{n})V(f)$ ,
$V(f)$ $f$ $[0,1]$ $\langle x\rangle$ $x$
[4] p.142 $g(t)=t$ –
Theorem. $E$ $\mathrm{Q}$







($\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}$ function in $\Re(s)>1/2$),
$\Sigma_{p}\xi_{p}p-s$ ( bad prime
) $\Re(s)>1/2$
16
$L(s, E)$ $\Re(s)>1$ – Riemann
, ,
$\sum_{\mathrm{p}\leq x}\xi p=O(x^{1/2})+\epsilon$
, for any $\epsilon>0$ , (2)




$f(t)=\cos(\pi t)$ , $g(t)=\mathrm{S}\mathrm{T}(t)$ Lemma 2
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$\backslash \sigma$ ( $\frac{1}{\mathrm{z}}*\grave{\mathrm{n}}\{$ $\frac{1}{s}$ )
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